We present a determination of the strange quark mass for two flavours (n f = 2) of light dynamical quarks using the axial Ward identity. The calculations are performed on the lattice using O(a) improved Wilson fermions and include a fully non-perturbative determination of the renormalisation constant. In the continuum limit we find m M S s (2 GeV) = 111(6)(4)(6) MeV, using the force scale r 0 = 0.467 fm, where the first error is statistical, the second and third are systematic due to the fit and scale uncertainties respectively. Results are also presented for the light quark mass and the chiral condensate. The corresponding results are also given for r 0 = 0.5 fm.
Introduction
Lattice methods allow, in principle, an 'ab initio' calculation of the fundamental parameters of QCD, among them the quark masses. Quarks are not asymptotic states of QCD and so quark masses need to be defined by a renormalisation procedure, m 
by giving the scheme S and scale M.
To convert the lattice results to continuum numbers, one needs control over the discretisation errors and the matching relations between the lattice scheme and the continuum renormalisation scheme S. Discretisation errors can be kept small and manageable by employing an improved fermion action. But, still, the lattice numbers may show considerable cut-off dependence at present couplings, which requires that the calculations are done over a range of sufficiently small lattice spacings a, discretisation errors then being removed by an extrapolation to a = 0. The perturbative relations between renormalised quantities in the continuum and the bare lattice results are in almost all cases known to one-loop order only. Data show (for example [1] ) that O(α 2 s ) corrections can be large, O(10 − 20%) at spacings a ≈ 0.1 fm, which makes a non-perturbative calculation of the renormalisation constants indispensible.
Many calculations of the strange quark mass, both with n f = 2 [2, 3, 4] and n f = 2+1 [5, 6, 7, 8] flavours of sea quarks, employed perturbative renormalisation of the bare quark mass and were restricted to lattice spacings a ∼ > 0.1 fm. (Recent n f = 2 + 1 results [7] , have finer lattice spacings.) These authors quote strange quark masses of O(80) MeV, lying 15 − 30% below the corresponding quenched results [9, 10] .
In [11] we have presented an entirely non-perturbative (NP) calculation of the light quark masses based on the vector Ward identity (VWI), using nonperturbatively O(a) improved Wilson fermions with n f = 2 flavours of dynamical quarks. The calculation was done at four different lattice spacings 0.065 ∼ < a ∼ < 0.09 fm, which allowed us to perform a continuum extrapolation. We found a strange quark mass of m M S s (2 GeV) = 119(5)(8) MeV. A highlight and essential ingredient of the calculation was that we were able to compute the flavour singlet mass renormalisation constant, which is needed in the VWI approach.
This result has been complemented recently by further studies in [12, 13] which also used NP determinations of the renormalisation constant.
In this paper we present an independent calculation of the strange quark mass using the axial vector Ward identity (AWI), again for n f = 2 flavours of improved Wilson fermions. The AWI involves only non-singlet quantities and thus provides an important test of our previous calculation.
The paper is organised as follows. As we shall be considering not only the MS scheme, but also the RI ′ -MOM scheme (which is more convenient for a lattice calculation) we first discuss in section 2 renormalisation group invariants (RGIs), taking the quark mass as an example, and how to convert to them. We also collect together relevant formulae for the MS scheme. Also discussed is the unit and scale we shall use -the r 0 -force scale -and thus the relevant conversion factor to physical units. In section 3 we compile some results from leading order (LO) and next to leading order (NLO) chiral perturbation theory (χPT) and re-write them in a form suitable for our calculation. Section 4 describes some lattice details relevant for O(a) improved fermions. This is followed in section 5 by the non-perturbative computation of the renormalisation constant. Relevant results for the RI ′ -MOM scheme are given, both for the the lattice computation of Z RI ′ −MOM m and for the conversion to the RGI form. The section is concluded with a comparison of this result with the results obtained by other approaches (principally the tadpole improved (TI) perturbation theory method). In section 6 results are given for the strange quark mass, first at finite lattice spacing, and then the continuum extrapolation is performed to give our final answer. Finally in the last section, section 7, we compare our AWI result with the previously obtained VWI result and also with other recent mass determinations. In the appendix, tables of our raw data results for the quark mass are given.
Renormalisation Group Invariants
The 'running' of the renormalised quark mass as the scale M is changed is controlled by the β and γ functions in the renormalisation group equation, defined by
where the bare parameters are held constant. These functions are given perturbatively as power series expansions in the coupling constant,
The first two coefficients of the β-function and first coefficient of the γ m function are scheme independent,
and
while all others depend on the scheme chosen. We may immediately integrate eq. (2) to obtain
The renormalisation group invariant quark mass 1 is defined from the renormalised quark mass as
where
and so the integration constant upon integrating eq. (2) is given by Λ S , and similarly from eq. (3) the integration constant is m is fixed, the absolute value is not; conventions vary for its definition.) Also for a scheme change S → S ′ (it is now sufficient to take them at the same scale) given by
then m RGI q remains invariant, while Λ changes as Λ S ′ = Λ S exp(t 1 /(2b 0 )). Note also that analytic expressions for the integrals in eq. (8) or eq. (9) can be found for low orders, for example to two loops we have
Thus we have a convenient splitting of the problem into two parts: a number, m RGI q , which involves a non-perturbative computation, and is the goal of this paper and, if desired, an evaluation of ∆Z S m which allows the running quark mass to be given in a renormalisation scheme S.
In the remainder of this section we discuss the evaluation of ∆Z S m in the MS-scheme, which is conventionally used, and for which four coefficients in the perturbative expansion are known. For the β function we have [14, 15, 16] −1 involves first solving eq. (7) for g M S (as a function of µ/Λ M S ) and then evaluating eq. (9). Practically we expand the β and γ functions to the appropriate order and then numerically evaluate the integrals. The final results are given in Fig. 1 .
Conventionally light quark masses are defined at a scale of µ = 2 GeV, which means giving a value for Λ M S in MeV. We set the scale here by using the 'force scale' r 0 , which means first changing from the Λ M S unit to the r 0 unit. From [19] (see also [20] ), we use the value
The r 0 scale in MeV still needs to be set. A popular choice is
which is useful when making comparisons with other results for the quark mass.
Alternatively from a fit to the dimensionless nucleon mass r 0 m N using results obtained by the CP-PACS, JLQCD and QCDSF-UKQCD collaborations, following [21] we found a scale of r 0 = 0.467(33) fm ≡ 1/(422.5(29.9) MeV) . Similar results were obtained in [22, 23] . The 0.033 fm error in the r 0 = 0.467 fm estimate is roughly equal to the difference between the two r 0 values. As these different r 0 values give an idea of the uncertainties involved in setting the scale we shall derive results using both values of r 0 and regard this as giving an estimate of a possible scale systematic error. The different values of r 0 in eqs. (15) 
Chiral Perturbation Theory
Chiral perturbation theory (χPT) gives the LO and NLO result 2 [25, 26] for n f degenerate sea quarks of
where the first term on the RHS is the LO term, the NLO terms being the remaining terms and α i are the low energy chiral constants (LECs) evaluated at the scale Λ χ = 4πf π . With our conventions for the pion decay constant in the chiral limit, f 0 , we have f π = 92.4 MeV so that Λ χ ≈ 1160 MeV. χ AB are related to the quark masses by [26] ,
where m S is the sea quark mass and m V i , i = 1, 2 are the (possibly) nondegenerate valence quark masses. In particular we have
Furthermore in eq. (18) , B S 0 is related to the chiral condensate by
Apart from f π , none of the other LECs (here B 0 , or, and α 4 , α 5 , α 6 , α 8 in eq. (17)) are well determined. Typical values are (for n f = 3), α 4 = −0.76(60), α 5 = 0.5(6), α 6 = −0.5(4), α 8 = 0.76(40) (as compiled in [27] ) giving
(theresult is taken from [28] ). m AB ps in eq. (17) is the pseudoscalar mass (with A, B ∈ {V 1 , V 2 }) implicitly depending on the sea quark mass m S . Again for degenerate valence quarks, we write m A ps ≡ m AA ps . Note that we also numerically allow for a valence quark mass to be equal to the sea quark mass, so for example we can write m S ps . We shall assume eq. (17) as the basic functional form for the relation between the quark mass and the pseudoscalar mass in the following. As expected this equation is symmetric under an interchange of the two valence quarks. However it does not have the most general structure allowed by this symmetry.
Eq. (17) is not very convenient for comparing with numerical results for a variety of reasons (see section 6.1 and eqs. (57), (58)). First, the quantities we measure are not χ AB , m AB ps but only proportional to them,
where y AB and M 
Secondly, we prefer to work with a function of the pseudoscalar mass rather than the quark mass, so we invert eq. (17) . This gives a functional form, which we choose to write as
Setting A = B = V this equation reduces to the degenerate valence case (and finally setting V ≡ S gives the sea quark case). 
which explains our original choice of the c a , c i (i = b, c, d) coefficients in eq. (24) . So, as mentioned previously, we see that determining these coefficients from eq. (25) which only needs degenerate valence quark masses is sufficient to find the results for non-degenerate quark masses, eq. (24). Numerically we shall find that higher order terms in χPT are small, i.e. c a ≫ |c i |M 
At NLO we have in addition
and for the remaining LECs the relationships
We write the results only for the case when c
χ = 0 (see eq. (23)). This is sufficient for the later estimation of the LECs in section 6, as we shall be using continuum results 3 .
Finally we have to find a formula for the strange quark mass. We first note that we have 
for the strange quark and
3 For the more general case in eqs. (26), (27) and (28) 
m ) for the second and third equations, respectively.
for the light quark, where the · · · include higher order terms in χPT (i.e. NNLO) and terms of O((∆m ud )
2 ).
The results of eqs. (29) and (30) [29] ). Thus the masses in eqs. (29) and (30) may be written as [30] 
where m K + , m K 0 , m π + and m π 0 are the 'pure' QCD numbers, while m
are the experimentally observed numbers. Dashen's theorem has corrections O(α QED m q ) from higher order terms in χPT, estimates vary as to the magnitude of this correction [31, 32] , see [30, 33] for a discussion. Recent results from the lattice approach [34, 35] seem to indicate only a mild breaking of Dashen's theorem.
Note that to LO in χPT using experimental values of the π and K masses, namely
we have the result
independent of the value of c a . So if we are in or close to this regime, once we have determined the strange quark mass, this immediately gives an estimate of the light quark mass. Incorporating the NLO terms needs a determination of all the c a and c i (i = b, c, d) coefficients in eqs. (29), (30) and gives the results in section 6.2.
The Lattice Approach
Here we shall derive results for the unquenched (n f = 2) strange quark mass using the axial Ward identity. All our numerical computations are done with degenerate valence quark masses.
The starting point is the AWI; in the continuum we have the renormalised relation
where A R and P S are the renormalised (in scheme S) axial current and pseudoscalar density respectively. In the (bare) lattice theory the current quark masses are also defined via the equivalent AWI
where A and P are the O(a) improved unrenormalised axial current and pseudoscalar density
with
Wilson-type fermions allow several different definitions of the quark mass. We denote the (bare) quark mass defined from the AWI with a tilde, a m q , while that from the VWI is given by
where κ q is the Wilson hopping parameter, defining the quark mass (both sea and valence). The critical sea quark hopping parameter, κ S qc , is defined for fixed β ≡ 6/g 2 0 (where g 0 is the lattice coupling) by the vanishing of the pseudoscalar mass 5 , i.e. m ps | κq=κ S qc = 0.
Returning to eq. (36), c A is known non-perturbatively [36] , but not b A and b P . However results using one-loop perturbation theory [37] , or for non-perturbative quenched QCD [38] , show that the difference b A − b P is small (there is however an increase between the perturbative and quenched non-perturbative results). Multiplying by am q thus gives a correction of perhaps half a percent, which with our present level of accuracy we can ignore.
Forming lattice correlation functions means that the quark mass can be defined and determined from the ratio
is the symmetric lattice derivative, conventionally chosen to be (
, whereμ is a unit vector in the µ direction. 5 We shall suppress the 'V ' superscript on the pseudoscalar mass and only include an 'S' superscript where necessary.
6 Note that to reduce noise, derivatives of operators on the lattice are taken as compact as possible, consistent with the given symmetry. Thus we use, no µ summation, (∂ 
The collaboration that generated the configurations is given in the last column.
where ≈ in the second equation signifies that we have dropped the correction factor 1 + (b A − b P )am q . O is an operator with a non-zero overlap with the pseudoscalar particle. We choose it here to be P smeared , where we have used Jacobi smearing (see the appendix) on the operator.
The parameter space spanned in our numerical simulations is given in Table 2 . The notation is standard for the parameters of the action, see for example [40] . (The critical Wilson hopping parameters, κ S qc , have been determined in [11] for each β.)
In the appendix we list our κ q for each κ 
Renormalisation

Generalities
Imposing the AWI on the lattice, eq. (35), up to cut-off effects means that the axial current as well as the pseudoscalar density and the quark mass must be 8 For the number of trajectories generated for each κ S q , see for example [39] .
renormalised. Thus we have
giving
or in RGI form
Non Perturbative renormalisation
We shall employ here the RI ′ -MOM scheme [41] , which is easily transcribed to the lattice. Our implementation of this method is described in [42] . As discussed in section 2 to obtain the RGI quark mass, we must determine both ∆Z
. The RGI quark mass can then be easily converted back to the MS scheme.
∆Z
We start with ∆Z
. To write down the perturbative expansion, a definition of the coupling constant is required. The anomalous dimension coefficients have been determined to fourth order in [41, 43, 44] by taking the coupling constant to be g M S . Thus the anomalous dimension function is considered as a function of g M S . (Other definitions of the coupling constant are possible, more closely related to MOM schemes [45] .) So we write
with coefficients given by [44] , 
, where µ p is taken to be the momentum scale in this scheme, to be computed in the usual way,
(This result may also be shown by changing the integration variable in eq. (9) from some defined g . However this is mitigated by the extraction of RI ′ -MOM being performed at a range of scales including higher scales than 2 GeV. Thus, for example, a typical value of (aµ p ) 2 ≈ 4 (see Fig. 4 ) corresponds to µ p /Λ M S ∼ > 20 where the convergence (between the 3-loop and 4-loop results) appears to be better.
Z
The RI ′ -MOM scheme considers amputated Green's functions (practically in the Landau gauge) with an appropriate operator insertion, here either A or P . The renormalisation point is fixed at some momentum scale p 2 = µ have, e.g. [41, 42] ,
where Γ O are one-particle irreducible (1PI) vertex functions, and Z q is the wavefunction renormalisation. We have generated Γ O only at values of the sea quark mass, i.e. the values in Table 2 .
To obtain Z 
where am q is defined in eq. (38) and κ S qc has been determined in [11] . From the Ward identity obeyed by Γ P , we expect, due to chiral symmetry breaking, that Z RI ′ −MOM P develops a pole in the quark mass. Hence we have Z P → 0 with the quark mass. Thus following [46] we try a fit of the form
From the operator product expansion [47, 48] we expect
where the constant of proportionality is proportional to the chiral condensate.
Thus we see that as the scale increases, the B P coefficient decreases. A chiral extrapolation using eqs. (47) and (48) has been made using only the sea data sets to determine the functions A A (µ p ) and A P (µ p ) respectively. The lattice momenta originally chosen for the heaviest quark masses were kept fixed for the extrapolation over the different masses. If another data set did not have a particular momentum a linear interpolation was performed between the adjacent momenta straddling the given momentum.
Results for Z Fig. 3 . B P is small and decreasing with increasing (aµ p ) 2 as required from eq. (49) . (Note that numerically, there is evidence for a term of the form B P /am q as attempting a linear extrapolation, as for Z A in eq. (47), gave a substantial increase in the fit χ 2 .) Although we do not determine the chiral condensate [49] in this section (see section 6.1), we note that numerically the Goldstone pion contamination to Γ P appears to be small [50] . m . This should be independent of (aµ p ) 2 . Some results are shown in Fig. 4 . Due to cut-off effects, non-perturbative contributions etc., they are not quite constant although the curves become flatter for increasing β. To allow for the non-constant remnants we make a phenomenological fit of the form
where we associate Z RGĨ m with r 1 . This gives the results in Table 3 . We start the fit range at (aµ p ) 2 = 1.5, the fit results for r 1 were found to be insensitive to decreasing the fit range. 
Comparison of Z
RGĨ m with other results
As many computations of the strange quark mass have used tadpole improved perturbation theory together with a boosted coupling constant for the determination of the renormalisation constant, it is of interest to compare our results obtained in the previous section with this approach. Our variation of this method, tadpole-improved renormalisation-group-improved boosted perturbation theory or TRB-PT, is described in [51, 40] . Here we recapitulate the method. Regarding the lattice as a 'scheme', then from eq. (8) we can write
where the renormalisation-group-improved ∆Z LAT m (a) is given by eq. (9). Furthermore in this 'lattice' scheme, we choose to use g 
where p 1 is the first coefficient in the expansion of u 0c , i.e. u 0c = 1 − P is taken from [52] . (Indeed we could alternatively consider TRB-PT for Z A and Z M S P separately and then form the ratio. The results turned out to be about 1% lower than those presented here.)
Expanding the ratio in eq. (53), by using the results in eqs. (52) and (11) for the 'lattice' and MS schemes respectively and t 1 , defined in eq. (10) (which using the notation of [19] is numerically given by t 1 = t LAT 1 (1), with t LAT 1 (c sw ) = 0.4682013 − n f (0.0066960 − 0.0050467c sw + 0.0298435c
Thus from eq. , can be found. Results are given in Table 4 .
We now turn to a comparison of the results. In Fig. 5 we plot Z Table 3 , while the open squares are the TRG-PT results from Table 4 . Furthermore the open diamonds and triangles are the NP results from [12] , using the two different results for the axial renormalisation constant, [53] . (The empty triangle results has been slightly displaced for clarity.)
be compared with the TRB-PT results denoted by empty squares. While there is a difference between the results, it is decreasing for β → ∞ and thus may be primarily due to remnant O(a 2 ) effects, which disappear in the continuum limit. That various determinations of Z RGĨ m have different numerical values can be seen from the results of [12] (open diamonds and triangles). In these results two different definitions of the axial renormalisation constant have been used, [53] . Z A is computed when dropping certain disconnected diagrams, while Z Investigating the possibility of O(a 2 ) differences a little further, we note that if we have two definitions of Z RGĨ m then if both are equally valid, forming the ratio should yield olating the r 0 /a results to the chiral limit. This extrapolation and results for (r 0 /a) c are given in [19] .
We see that (roughly) all three ratios extrapolate to 1 which implies that any of the four determinations of Z RGĨ m may be used. This includes the TRB-PT result. Of course other TI determinations might not have this property, and also their validity always has to be checked against a NP determination, so this result here is of limited use; it is always essential to make a NP determination of the renormalisation constant. Furthermore it is also to be noted that different determinations can have rather different O(a 2 ) corrections, so a continuum extrapolation is always necessary. Table 2 . r 0 seems to be a good scale to use because this ratio numerically does not vary much, as can be seen from the figures. 
Results
Generalities
to give a fit equation of the form
We use this equation to determine the coefficients c As already mentioned, up to this order in chiral perturbation theory no input from lattice simulations with non-degenerate valence quark masses is needed. To test also numerically that the effects from non-degenerate quark masses are indeed small, we calculated correlation functions using non-degenerate valence quark masses m The presence of a chiral logarithm in the data manifests itself in the bending of the results for smaller quark mass, which can be seen in Figs. 7, 8, 9 and 10 . Results for the fit parameters are given in Table 5 .
Numerically we expect the leading order in χPT to be dominant with the NLO giving only minor corrections 11 , i.e. we expect c present their continuum extrapolations. The r 0 /a values used for the x-axis are found by extrapolating the previously used r 0 /a results to the chiral limit. This extrapolation and results (for (r 0 /a) c ) are also given in [19] . This gives values in the last line of Table 5 (β = ∞).
As a first check on these results and to find some idea of possible systematic effects, we have varied the fit interval from the chosen (r 0 m ps ) 2 ∼ < 5 to (r 0 m ps ) 2 ∼ < 4 or 6 or ∞, i.e. include all the data. (We can go no lower than (r 0 m ps ) 2 ∼ < 4 if we wish to have at least two sea quark masses in the fit for each β.) There was little change in the fit result and we shall take these changes as a systematic error, see below and section 6.2. Using (r 0 m ps ) 2 ∼ < 5 means that our pseudoscalar masses range from about 440 MeV to about double that value.
As a second check on the validity of these results, let us relate them to the LECs in eqs. (26), (27) and (28) (in the continuum limit). From Table 5 and eq. (28) we find that
These numbers are to be compared with the results of eq. (21) namely ≈ −0.24 r 0 m q /(r 0 m ps ) 2 against (r 0 m ps ) 2 using (r 0 /a) c which is the chirally extrapolated r 0 /a would give larger NLO corrections.
and ≈ −1.02 respectively. Furthermore we have from eqs. (18), (19) , (22) and (57) the relations
Together with eq. (20) Table 1 this leads to (cf eq. (21)),
where as discussed in section 2, we consider two scales r 0 = 0.5 fm and r 0 = 0.467 fm. The first error is statistical and the second is systematic ≈ 5 MeV determined by the change in c RGI a when changing the fit interval, as discussed above. The third (systematic) error is due to the choice of r 0 scale, taken here as the difference between the results and also ≈ 5 MeV.
We find it encouraging that the c RGI a and c
) results from the fit give numbers in rough agreement with phenomenological expectations for 2α 6 − α 4 , 2α 8 −α 5 and the chiral condensate (and also with other lattice determinations of the chiral condensate, e.g. [49, 54] ). However to obtain more accurate results will require much more precise numerical data 12 .
The quark masses
We now turn to the evaluation of the strange (and light) quark masses. After finding the coefficients c 
12 It is possible to obtain expressions and hence in principle results for f 0 ,, 2α 6 − α 4 and 2α 8 Similarly for the light quark mass we have
We first consider the strange quark mass. As can be seen from Table 5 or Fig. 11 , the errors of the NLO parameters, i.e. c RGI i (i = b, c, d ) are the same size as the signal itself and thus using them directly in eq. (63) simply gives a change in the LO result (i.e. using only the c RGI a term) of a few percent, together with a similar increase in the error (especially using error propagation; note that the third and fifth terms in eq. (63) give the main contribution to the NLO term).
To reduce the total error on the result, it proved advantageous to use eq. (63) to eliminate c RGI a from eq. (58) in terms of
This results in a modified fit function of the form Note that, although we now have to choose the scale before we make the fit, the advantage is that the error on c RGI a ′ gives directly the error on the strange quark mass up to NLO. Given this, it is no longer a disadvantage to consider the continuum extrapolation for m M S s (2 GeV) directly. As discussed earlier, we shall consider two r 0 scales.
from Table 1 and using the experimental values of the π and K masses, eq. (32) to determine the 'pure' QCD pseudoscalar masses in eq. (31), we find the results in Table 6 .
A continuum extrapolation (using r 0 = 0.5 fm) is shown in Fig. 12 together with a comparison with our previous VWI results [11] . The two methods have different O(a 2 ) discretisation errors, but should agree in the continuum. For the VWI method an extrapolation gave results of 126 (5) (21) 0.1175 (21) Table 5 .
where the first error is statistical and the second is systematic ≈ 4 MeV. As discussed in section 6.1, we have determined it from the effect on c RGI a ′ of changing the fit interval. Furthermore the additional third (systematic) error due to the r 0 scale uncertainty is ≈ 6 MeV, see section 2.
As discussed earlier, from the values of the c Table 5 gives for the LO strange quark mass m M S s (2 GeV) = 111(6) MeV and 106(6) MeV for r 0 = 0.5 fm, r 0 = 0.467 fm respectively. The difference is about 6 MeV, which means that NLO terms give about a 5% correction. We have not tried here to estimate the effects of higher order terms in χPT, [24] .
For the light quark mass, the numerical situation is more fortunate. From Table 5 
where again the second error is systematic. The third (systematic) error is due to the scale ≈ 0.23 MeV. Finally, because the NLO corrections of χPT are small, we see that the ratio
is close to the LO result, eq. (33).
Comparisons and Conclusions
In this article we have estimated the strange quark mass for two flavour QCD and found the result in eq. (67), using O(a) improved clover fermions and taking into consideration non-perturbative (NP) renormalisation, the continuum extrapolation of the lattice results and the use of chiral perturbation theory. The NLO chiral perturbation theory yields a correction of about 5% to the LO result, and the relevant low energy constants are in rough agreement with the phenomenological values.
It is also useful to compare our results with the results from other groups. In Fig. 13 we show some results for n f = 2 and n f = 2 + 1 flavours (keeping the aspect ratio approximately the same as in Fig. 12) . A variety of actions, renormalisations, units and scales have been used (so the results have been plotted in physical units using the authors' preferred values). In particular the HPQCD-MILC-UKQCD [8] and HPQCD [6] collaborations use improved staggered fermions. These fermions having a (remnant) chiral symmetry and are in the same situation as overlap/domain wall fermions where there is no distinction between VWI and AWI quark masses; the bare quark mass in the Lagrangian simply needs to be renormalised.
As seen earlier in section 5.3 it is noticeable that the (tadpole improved) perturbative results lie lower than the non-perturbatively renormalised results. Also results with a ∼ < 0.09 fm (i.e. a 2 ∼ < 0.008 fm 2 ) appear to be reasonably consistent with each other (this is more pronounced for the AWI results than for the VWI results). While results for a ∼ < 0.09 show some lattice discretisation effects, using results at larger lattice spacings seems to give a fairly constant extrapolation to s (2 GeV) versus a 2 using the AWI (upper plot) and VWI (lower plot) methods. The results are presented with the collaborations preferred units and scales. Circles (together with a linear continuum extrapolation) are from this work and [11] ; diamonds from [12] ; squares from [13] ; up triangles from [3] ; down triangles from [4] ; left triangles from [6] ; right triangles from [8] . NPR denotes non-perturbative renormalisation, while TB-PT denotes TI boosted perturbation theory. [6, 8] are for n f = 2 + 1 flavours; the other results are all for n f = 2 flavours. the continuum limit. A similar effect has also been seen elsewhere, for example in the determination of r 0 Λ M S for n f = 0 flavours, [19] , where coarse lattices also show this characteristic flattening of the data.
Finally, we compare these numbers with results from the QCD sum rule approach. A review of results from this method is given in [55] , citing as a final result m M S s (2 GeV) = 99(28) MeV, while a recent five-loop calculation, [56] gives m M S s (2 GeV) = 105(6)(7) MeV. These numbers cover the lattice results in Fig. 13 .
In conclusion, although there is a spread of results, it would seem that the unquenched strange quark mass determined here is not lighter than the quenched strange quark mass and lies in the range of 100 -130 MeV.
We collect here in Tables 7, 8 The second column in the tables gives the pion mass, defined in the standard way from the correlation function
where the correlation function is evaluated in a configuration with sea quark mass am S q . (The normalisation is not important here so we can work with unimproved operators to obtain the pseudoscalar masses.) The smearing used is Jacobi smearing (see e.g. [57] ), with typical parameters κ s = 0.21 and n s = 50.
The third and fourth columns in the tables give the bare results for a m From the tables it can be seen that the inclusion of the improvement term (×c A ) to the quark mass gives a noticeable change in the final result. Also the error in c A has an effect. Although not a large difference to using simple error propagation for the three quantities (a m 
